Introduction
Our understanding of the geometry of the space of quantum states is in constant evolution and there are different fields of application in which it is possible to use the knowledge we gain. For instance, geometrical ideas have been successfully exploited when addressing the foundations of quantum mechanics [4, 7, 8, 10, 13, 20, 22, 23, 25, 31, 35, 40] , quantum information theory [5, 15, 19, 27, 36, 39, 43, 45, 54] , quantum dynamics [9, 12, 14, 16, 17, 18, 24] , entanglement theory [3, 6, 11, 29, 30, 34, 48, 49] .
The purpose of this paper is to present a review of well-known and lesser-known ideas, facts and constructions regarding the geometry of the space S (H) of a quantum system with Hilbert space H. In order to avoid the technicality of infinite-dimensional differential geometry, we will consider finite level quantum systems for which dim(H) is finite.
We start with the space S 1 (H) of pure quantum states, that is, the extremal points of the convex set S (H) of quantum states. For a quantum system modelled on the Hilbert space H, the space S 1 (H) may be identified with the complex projective space CP(H) associated with H. It is well-known that the complex projective space CP(H) is a homogeneous space for the special unitary group SU (H), and this allows for the definition of a canonical Kähler structure on it (also in infinite-dimensions). What is lesser-known is that CP(H) is also a homogeneous space of the complex special linear group SL(H), that is, the complexification of SU (H). The action of SL(H) on CP(H) "comes from" the canonical linear action of GL(H) on H, which is projectable on CP(H) and "becomes" an action of SL(H). However when additional structures are considered on CP(H) (e.g., the Kähler structure) this group is reduced to the subgroup of unitary transformations.
As said before, the space S 1 ∼ = CP(H) of pure quantum states is a compact Kähler manifold [4, 10, 13, 22, 23, 25, 35] , and thus, it admits a symplectic form ω, a Riemannian metric g and complex structure J such that g = ω • J. All these tensors are invariant with respect to the canonical action of SU (H) on CP(H). However, it should be noticed that, while it preserves the complex structure J, the action of the complex special linear group SL(H) takes us from one Kähler structure to a different one, unless we restrict the action to the subgroup of symplectic transformations, in which case they turn out to be also unitary because they must preserve the complex structure. By preserving the complex structure, the factorization by means of the symplectic structure and the symmetric structure changes. Thus, we obtain alternative Kählerian structures all of them associated with the same complex structure. Consequently, we may get alternative realizations of the Unitary group. As the action is not linear the linear structure will be changed.
For a finite-level quantum system we may identify the dual su * (H) of the Lie algebra su(H) with the space of linear Hermitean operators on H with trace equal to 1, and, by considering the moment map µ : CP(H) → su(H) * associated with the canonical symplectic action of SU (H) on CP(H), we may build the convex hull S of µ(CP(H)) in the space of linear Hermitean operators on H. This convex hull S (H) is the space of quantum states of the system and it is identified with the space of density operators, that is, Hermitean linear operators on H that are positive semi-definite and have trace equal to 1. In this setting, the image µ(CP(H)) of the space of pure quantum states is the space of rank-one Hermitean projectors. The Lie group SU (H) acts on su(H) * by means of the coadjoint action and it is possible to prove that this coadjoint action preserves S (H). In particular, we obtain a partition of the space of quantum states S (H) into the disjoint union of coadjoint orbits of SU (H). These orbits are labelled by the spectrum of the quantum states they contain (up to permutations), and are endowed with the structure of Kähler manifolds.
As the space of mixed quantum states is obtained from convex combinations of pure quantum states, it is a natural question to ask what happens of the action of the special linear group. It has been argued elsewhere that even though the action of the SL(H) group does not preserve the metric structure, it preserves Hermiticity, positivity and rank of the states. Recently, it has been proved that there is a (nonlinear) action of the special linear group SL(H) on the whole S (H) [16, 21, 29] . This Lie group is the complexification of the special unitary group and its action on S (H) allows us to build the submanifolds of quantum states with fixed rank. These submanifolds are "thicker" than the manifolds of isospectral quantum states, except for the case of pure quantum states which is a homogeneous space for both SU (H) and SL(H). Unfortunately, the manifolds of quantum states with fixed rank do not carry "obvious" additional geometrical structures other than the differential structure and the smooth action of SL(H). However, exploiting the C * -algebra structure of B(H), or, equivalently, the Jordan-Lie algebra structure of the space of Hermitean linear operators on H, it is possible to introduce two contravariant bivector fields Λ and R on the affine hyperplane T 1 (H) of Hermitean operators with trace equal to 1 by means of which it is possible to describe the infinitesimal action of SL(H) on S (H) using Hamiltonian vector fields associated with Λ and gradient-like vector fields associated with R.
In sections 2 and 3 we review the differential geometry of the actions of SU (H) and SL(H) on S , and the Kähler structure of the manifolds of isospectral quantum states (orbits of SU(H)). Then, in section 4, we explicitly work out the form of these actions in the case of a two-level quantum system, i.e., the q-bit. In section 5 we present our main result and in section 7 we comment on its implication in the case of composite systems. Specifically, we prove that the special linear group SL(H) acts not only on the manifolds of quantum states with fixed rank, but also on the manifolds of isospectral quantum states (orbits of SU (H)), and, in the latter case, this action is associated with Hamiltonian and gradient vector fields. The former give rise to invertible maps on S that preserve the von Neumann entropy and the convex structure of S , while the latter give rise to invertible maps on S that preserve the von Neumann entropy but not the convex structure of S . We prove this result in the slightly more general context of a Kähler manifold on which there is a Lie group G acting by means of automorphisms for the Kähler structure.
Section 6 allows us to explicitly work out the details of our main result in the case of a q-bit making everything less abstract and more concrete. Section 7 deals with bipartite quantum systems of distinguishable "particles" with H = H A ⊗ H B . Specifically, we analyze separability properties of mixed quantum states with respect to the local action of the special linear group SL(H A )×SL(H B ) preserving the rank. We introduce the notion of (A, B)-rank for quantum states and we prove that the spaces of quantum states with fixed (A, B)-rank are smooth manifolds that are homogeneous spaces of SL(H A ) × SL(H B ). In particular, the manifold of pure quantum states and the manifold of invertible product states turn out to be explicit examples of spaces quantum states with fixed (A, B)-rank.
Geometry of quantum states
Let us consider a quantum system with Hilbert space H such that dim(H) < +∞. Denoting by B(H) the space of bounded linear operators on H, the space of quantum observables O is the space of Hermitean linear operators in B(H). This is a real vector space of which B(H) may be thought of as being the complexification. In this setting, the space of quantum states S (H) is the space of density operators, that is:
The normalization imposed by the constraint on the trace allows us to look at S (H) as a convex body in the affine hyperplane:
Remark 1. Let {τ j } j=1,...,(n 2 −1) with be a basis in su(H) such that:
and set τ 0 = I √ n , where I is the identity operator on H. Let c jk l be the structure constants of [·, ·] relative to {τ j } j=1,...,(n 2 −1) , that is:
and let the coefficients d 
Denote with {x j } j=1,...,(n 2 −1) the coordinate system on T 1 (H) associated with {τ j } j=1,...,(n 2 −1) by means of:
so that every ξ ∈ T 1 (H) may be written as:
with ς 0 = −ıτ 0 and ς j = −ıτ j Hermitean elements in B(H). A quantum state ρ is an element in T 1 (H) such that ρ ≥ 0 and Tr(ρ 2 ) ≤ 1 where the equality holds if and only if ρ is pure. Now, the purity function Tr(ρ 2 ) may be written as:
and thus:
for every quantum state ρ ∈ T 1 (H). Clearly, r 2 (ρ) attains its minimum 1 n at the maximally mixed quantum state ρ m = I n . On the other hand, Tr(ρ 2 ) may be written in terms of the eigenvalues λ j of ρ:
where k is the rank of ρ as a linear operator on H. Consequently, given ρ, we may build a "virtual" quantum state ρ k on a Hilbert space H k (with dim(H k ) = k) by selecting an orthonormal basis in H k and declaring ρ k to be diagonal in this basis with eigenvalues equal to the λ j 's. Conseqently, we obtain:
because Tr(ρ 2 k ) is bounded from below by its value on the maximally mixed state on H k . It is then clear that a quantum state in T 1 (H) with rank k is such that:
The lower bounds on r 2 (ρ) will play a role in section 7 when dealing with composite systems. Specifically, there are quantum states that are separable with respect to any decomposition of the Hilbert space [32, 55] , and we will see that all these separable states must have maximal rank precisely because of the lower bound on r 2 (ρ).
Consider now the unitary group U (H) and the special unitary group SU (H), and denote by u(H) and su(H), respectively, their Lie algebras. It is well known that the Lie algebra u(H) of U (H) is isomorphic with the the real vector space of skew-Hermitean linear operators on H and that the Lie algebra su(H) consequently would be isomorphic with the subspace of traceless skew-Hermitean linear operators on H. Every element A in u(H) may be written as ıa where a is Hermitean, in particular, if Tr(a) = 0 then A is in su(H). There is a faithful left action of SU (H) on T 1 (H), and thus on the space S (H) of quantum states, given by:
where ξ ∈ T 1 (H), and U is an element of the special unitary group SU (H). This action is linear, and thus preserve the convex structure of S (H). Furthermore, because U † = U −1 , it is a similarity transformation, which means that it preserves the spectrum of ξ ∈ T 1 (H). The orbits of this action lying in S (H) are known as the submanifolds of isospectral quantum states. The Lie algebra structure of u(H) allows us to define a bivector field Λ on T 1 (H). In order to do so, we note that every A in u(H) defines a linear function f A : T 1 (H) → R as follows:
and, since the exterior differentials of the functions f A with A ∈ u(H) generate the cotangent space at each point of T 1 (H), the bivector field Λ is uniquely determined by setting:
where [·, ·] is the Lie product in u(H), and extending it by linearity. The Jacobi identity for the Lie product [·, ·] implies that the Schouten bracket of Λ with itself vanishes, that is, Λ is a Poisson bivector field. Consequently, we define a Poisson bracket among arbitrary smooth functions on T 1 (H) by setting:
Then, we may define Hamiltonian vector fields associated with smooth functions on T 1 (H). Specifically, the Hamiltonian vector field associated with F is the unique vector field X F such that (see [41] chapter 10):
Of particular importance are the Hamiltonian vector fields associated with the f A 's introduced above. We denote these vector fields as L A , where A = ıa and Tr(a) = 0. In this case, we have:
Using the Jacobi identity for {·, ·} and the fact that Hamiltonian vector fields are derivation of {·, ·} it is possible to prove that (see [2] page 333, [41] 
which means that these vector fields close on an anti-realization of the Lie algebra su(H). By changing sign in 14 we would obtain a realization instead of an antirealization. These vector fields are complete because they are linear, and thus the anti-realization of su(H) "integrates" to the left action α of SU (H) on T 1 (H). An explicit computation shows that the action α is precisely that given in equation (13):
Note again that this action preserves the convex structure of the space of quantum states S . Specifically, denoting with j p j ρ j the convex combination of the quantum states ρ j , we have:
According to the theory of actions of Lie groups we can introduce the notion of fundamental vector field for the action of SU(H) on T 1 (H):
Definition 1 (Fundamental vector field ). Let G be a Lie group, and let α : G × M → M be a smooth left action of G on the differential manifold M . Given A ∈ g, where g is the Lie algebra of G, we define the fundamental vector field X A ∈ X(M ) as the infinitesimal generator of the flow α A : R × M → M given by
that is:
for every smooth function f on M .
Among other things, the fundamental vector fields are useful in order to characterize the tangent space of the orbits of α according to the following proposition (see, for example, [2] page 331): Proposition 1. Let G be a Lie group, and let M be a smooth homogeneous space for G according to the smooth action α : G × M → M . Then, the tangent space T m M is:
where X A is the fundamental vector field defined in 1.
Even though it is quite elementary, we want to show that α is the action associated with the anti-realization of su(H) given by the Hamiltonian vector fields L A . At this purpose, we compute the action of the fundamental vector field X A of α (see defintion 1) on a generic linear function f B :
Recalling equation (18) we have:
and thus, since the differentials of the functions f A with A ∈ su(H) span the cotangent space at each point of T 1 (H), we obtain X A = L A from which we can conclude that the vector fields L A (with A ∈ su(H)) are the fundamental vector fields of the left action α as claimed.
Remark 2 (Coordinate expression). In the coordinate system introduced in remark 1, the Poisson bivector field Λ reads:
and the fundamental vector field L j associated with τ j reads:
If f = a j x j is a linear function on the vector space su(H), the vector field will be c jk l a j x l ∂ ∂x k . Because of the closed subgroup theorem (see [1] page 264), the orbits of the action α of SU (H) on T 1 (H) are compact embedded submanifolds of T 1 (H) labelled by the eigenvalues of the Hermitean operators that belong to them. The tangent space T ξ O at a point ξ on the orbit O is characterized, according to proposition 1, as the vector space spanned by the traceless Hermitean operators of the form ı[a, ξ] for some Hermitean a. Furthermore, every orbit O is a smooth homogeneous space for SU(H), and we write α : SU(H) × O → O:
to denote the natural transitive left action of SU (H) on O (the "restriction of α to O"). Then, taking A = ıa in the Lie algebra su(H) of SU(H), the fundamental vector field for α associated with A is the "restriction of L A to O", and we will denote it as X A . In the following, we will often use the representation of the tangent vector T ξ O as a traceless Hermitean operator ı[a, ξ]. In this case, given an arbitrary vector field X ∈ X(O), there will be a traceless Hermitean operator a such that the value of the vector field X at the point ξ may be written as X(ξ) = ı[a, ξ]. If X ≡ X A is the fundamental vector field of α associated with a, then we have
Remark 3 (Manifolds of isospectral quantum states). If we focus our attention on the orbits lying in the space of quantum states S (H), that is, if we consider the orbits passing through ρ ∈ T 1 (H) with ρ positive-semidefinite, we have that the n-uple of eigenvalues of ρ and U ρ U † may be thought of as elements in the n-dimensional simplex ∆ n , that is, the set of n-uple (p 1 , ..., p n ) of non-negative real numbers such that n j=1 p j = 1. On ∆ n , the permutation group acts naturally, and we denote with σ the equivalence class [ p] of p ∈ ∆ n with respect to this action, and write Π n for the set of all these equivalence classes. It is then clear that each orbit of SU (H) which is internal to the space of quantum states S (H) can be labelled by a point σ ∈ Π n and we will denote it by:
where sp(ρ) is a probability vector the elements of which are the points in the spectrum of ρ. The submanifolds S σ (H) are referred to as the submanifolds of isospectral quantum states. It is customary to represent an equivalence class by ordering the elements of the n-uple (p 1 , ..., p n ) either in increasing or decreasing order.
From the explicit expression (27) of Λ we realize that the characteristic distribution of Λ, that is, the set of vector fields that are Hamiltonian with respect to Λ, is spanned by the generators L A of the action of SU(H):
Consequently, we conclude that the orbits of SU (H) on T 1 (H) are precisely the symplectic leaves of the symplectic foliation associated with Λ [52, 53] .
In addition to the action of the special unitary group SU (H), it has recently been shown that there is an action of the special linear group SL(H) on the space S (H) of quantum states 1 [16, 21, 29, 30, 31] . This action does not preserve the convex structure of S (H), and it allows us to partition it into the disjoint union of smooth manifolds labelled by the rank of the quantum states (density operators) they contain. Specifically, given an element g in the special linear group SL(H), its action on a quantum state ρ is given by:
The fact that this action does not preserve convex combinations of quantum states is to be ascribed to the presence of the trace term in the denominator. Recalling that the special unitary group SU (H) is a (maximally compact) subgroup of SL(H), we see that the trace term becomes 1 when g is in SU (H) and we obtain again the action of the special unitary group SU (H) given by equation (13). (32) is not the only action of SL(H) on quantum states. Indeed, in the following sections we will prove that there is a transitive action of SL(H) on every manifold of isospectral quantum states which is clearly different from the one given by equation (32) unless we are considering pure quantum states.
Remark 4. The action of SL(H) on S (H) given by equation
With a little effort [16, 21, 29, 30, 31] it is possible to prove that the orbits of SL(H) on S (H) by means of the action given in equation (32) are labelled by the rank of the quantum states they contain, and that they are differential manifolds. We will denote these orbits as S k (H), where k denotes the rank of the quantum states in S k (H). In particular, the manifold S 1 (H) coincides with the space of pure quantum states. This means that the pure quantum states form a homogeneous space for both the special unitary group SU (H) and for its complexificiation, the complex special linear group SL(H).
If we select an orthonormal basis in H, then we may take as a representative sate for every orbit S k (H) the following quantum state:
where I k is the identity (k × k) matrix with respect to the chosen orthonormal basis in H. For each k, the orbit S k (H) will be a face of the convex body of quantum states, and we find that the topological boundary will not be a smooth manifold because it is the union of submanifolds of changing dimension [30] .
According to [16] we can give an infinitesimal description of the action of SL(H) on S (H) in terms of vector fields on the whole T 1 (H). These vector fields are divided into Hamiltonian and gradient-like vector fields. The Hamiltonian vector fields are precisely the vector fields L A with A ∈ su(H) generating the action of SU (H) and, as we have previously seen, are defined by means of an anti-symmetric bivector field on T 1 (H), the Poisson tensor Λ coming from the Lie algebra structure of su(H). Regarding the gradient-like vector fields Y A with A ∈ su(H), as anticipated above, they can be defined starting from a symmetric contravariant tensor field R on T 1 (H). Recalling once again that the exterior differentials of the functions f A with A ∈ su(H) generate the cotangent space at each point of T 1 (H), the tensor field R is defined by:
where:
is the symmetric product coming from the anti-commutator in B(H), and then extended by linearity.
It should be noticed that the right hand side of (34) gives the variance when A = B and the covariance in the general case. The expression of R in the coordinate system {x j } j=1,...,n 2 −1 defined in remark 1 reads:
where the coefficients d 
Analogously to what happens for the Hamiltonian vector fields, the gradient-like vector field Y F associated with the smooth function F is defined as the vector field such that:
for every smooth function G on T 1 (H). In particular, the gradient-like vector field Y f A ≡ Y A associated with f A reads:
where su(H) ∋ A = a j τ j . In general, these gradient-like vector fields are not complete on T 1 (H). However, as it is shown in [16] , the integral curve γ ρ (t) of the vector field L A + Y B starting at any ρ ∈ S (H) reproduces the non-convex action of SL(H) on S given by equation (32) , that is, γ ρ (t) reads:
with g t = e t(B−ıA) .
Up to now, we considered only contravariant bivector fields on T 1 (H) "coming from" the anti-symmetric and the symmetric product in B(H). However, the C * -algebra B(H) also carries the structure of a Hilbert space with the Hilbert-Schimdt product between A , B given by:
and, since the affine hyperplane T 1 (H) is a subset in B(H), we may pullback the Hermitean tensor associated with the Hilbert product ·|· on B(H) along the canonical immersion of T 1 (H) in B(H). The symmetric (real) part of the resulting tensor field gives rise to a Riemannian metric N on T 1 (H). In the coordinate system introduced above in remark 1, this metric tensor field would be:
We notice that N is invariant under the action of Hamiltonian vector fields. This follows directly from the Adjoint-invariance of the Hilbert-Schmidt product. Clearly, we may pullback the metric tensor N to an orbit O of SU (H) or SL(H) obtaining a metric tensor on the orbits which is invariant with respect to the action of SU (H). In the case of the space of pure quantum states, the invariance under SU (H) implies that the resulting metric tensor must be proportional to the Fubini-Study metric tensor (see chapter 4 in [6] , and [25] ).
Kähler structures on isospectral orbits
All the orbits of SU (H) in T 1 (H), exception made for the degenerate orbit passing through the maximally mixed state ρ m = I n , possess a very rich geometrical structure: they are Kähler manifolds [25, 29] . This means that, on each isospectral orbit O, there is a symplectic form ω, a Riemannian metric tensor g and a complex structure 2 J satisfying a particular compatibility condition. Furthermore, all these three tensor fields are invariant with respect to the action of SU (H) generating the orbit. The Riemannian metric tensor g "comes" from the Killing form of SU (H) (see remark 6), and thus, since SU (H) is a simple Lie group, it follows that every Riemannian metric tensor on the isospectral orbit O which is invariant with respect to the action of SU (H) must be a constant multiple of g.
The following theorem can be proved to hold (see [29] theorem 7, theorem 8 and the paragraph just after theorem 8):
be an orbit of SU (H) not passing through the maximally mixed state ρ m = I n . Then, O is a Kähler manifold. This means that there are a symplectic form ω, a Riemannian metric tensor g and a complex structure J such that:
All of these tensors are invariant with respect to the canonical action of SU (H) on the orbit, that is:
where φ U is the diffeomorphism of O associated with the action of U ∈ SU(H). From the infinitesimal point of view, denoting by X A the generic fundamental vector field of the action of SU (H) on O, we have:
where L denotes the Lie derivative. The symplectic form on every O is given by:
where
Let us denote with {|j } j=1,...,n the basis of eigenvectors of ξ ∈ O, and let us order the basis elements so that λ 1 ≥ λ 2 ≥ · · · ≥ λ n , where λ j is the j-th eigenvalue of ξ. Define the Weyl basis M kl := |k l| with k < l, and D j := |j j|. Then, the complex structure on every O is given by:
where a = a kl M kl +ā kl M lk + a j D j . Accordingly, the symplectic form ω and the metric tensor g on every O are given by:
Remark 5. An explicit computation shows that, when we consider the orbit corresponding to the space S 1 (H) of pure quantum states, that is, the rank-one projectors in T 1 (H), the action of the complex structure J on a vector field X evaluated at the pure quantum state ρ reads:
where X(ρ) = ı[a, ρ], and {· , ·} is the matrix anticommutator. Consequently, the action of the metric tensor g on the vector fields X and Y evaluated at ρ reads:
Since we are on the space of pure quantum states which is diffeomorphic to the complex projective space CP(H), and since g is clearly invariant under the action of SU (H), it follows that g must be proportional to the Fubini-Study metric tensor (see chapter 4 in [6] , and [25] ).
Remark 6. Since every orbit O is a homogeneous space of the special unitary group SU (H), we may always find a diffeomorphism O ∼ = SU (H)/G ρ , where G ρ ⊂ SU (H) is the isotropy subgroup of some fiducial ρ ∈ O. In this way, we may consider the canonical projection map:
and we obtain the pullback π * ρ g of the invariant metric tensor g on SU (H) [3] :
where g −1 dg is the Maurer-Cartan form of SU (H). Analogously, the pullback π * ρ ω of the symplectic form ω reads:
which turns out to be an exact one-form unlike the one we started from on the orbit [26] . These structures turn out to be directly related to the structures arising when considering the Berry phase on the space of density matrices.
Now that we have a Kähler structure on every (non-degenerate) orbit O, we can define the Hamiltonian and gradient vector fields associated with smooth functions on O. Specifically, if f is a smooth function on O, we define its associated Hamiltonian vector field X f and its associated gradient vector field Y f to be, respectively, the vector fields given by:
where ω and g are, respectively, the canonical symplectic structure and canonical metric tensor of the Kähler structure on O. Note that, because of the compatibility condition between ω, g, and J characteristic of Kähler manifolds, we may write every gradient vector field Y f as:
where X f is the Hamiltonian vector field associated with f by means of the symplectic structure ω.
Quite naturally, the fundamental vector fields associated with the action of SU (H) on O are the Hamiltonian vector fields associated with the pullback of the linear functions on T 1 (H) by means of the canonical immersion i O : O → T 1 (H):
Indeed, we can prove the following:
Proposition 2. Let A = ıa be in the Lie algebra of SU (H), and consider the fundamental vector field X A on the orbit O. Then, for every expectation value function e B associated with B as defined above, the following equality holds:
from which it follows that X A is the Hamiltonian vector field associated with −e A by means of the symplectic structure ω, that is:
Then, every cotangent vector in T * ξ O may be represented as de A (ξ) for some A ∈ su(H). Proof. By the very definition of Lie derivative of a function with respect to a vector field we have:
and the first assertion is proved. The fact that X A is the Hamiltonian vector field associated with e A when A = ıa is in su(H), can be seen as follows. Every tangent vector v ξ ∈ T ξ O can be represented as ı[b , ξ] for some B = ıb in su(H). Consequently, according to equations (61) and (46), we have
and since v ξ is arbitrary, we conclude that:
which means that X A is the Hamiltonian vector field associated with the expectation value function −e A . Clearly, the symplectic structure ω ξ provides us with an isomorphism between the tangent space T ξ O and the cotangent space T * ξ O for every ξ ∈ O, therefore, every cotangent vector in T * ξ O may be represented as de A (ξ) for some A ∈ su(H).
According to proposition 2, we will write X A and Y A to denote, respectively, the Hamiltonian and gradient vector field associated with the expectation value function −e A . The flow of Hamiltonian vector fields X A may be dynamically interpreted as the unitary evolution of the quantum system. These dynamical evolutions describe the behaviour of a closed quantum system, that is, a system which is isolated from its environment. Consequently, from the point of view of the dynamics of closed quantum systems, Hamiltonian vector fields on the manifolds of isospectral states provide the correct geometrical framework for a complete treatment of the subject. In the case of pure quantum states, this geometrical picture can be generalized to the infinite-dimensional case according to the work [23, 24] .
The gradient vector fields, on the other hand, would represent nonlinear dissipative dynamical vector fields. Their associated flows are transversal to the level sets of the expectation value function and would take from one eigenstate to a different eigenstate. In the q-bit case it would take from the "north-pole" to the "south-pole".
In the following, we will see that Hamiltonian and gradient vector fields associated with elements in the Lie algebra su(H) of SU (H) close on an anti-realization of the Lie algebra sl(H) of the Lie group SL(H). On each orbit O of SU (H), this anti-realization of sl(H) "integrates" to a left action of SL(H).
Remark 7 (Lie algebroid on isospectral quantum states). On every orbit O, we may build a Lie-algebroid [38] using the expectation value functions e A and the Hamiltonian vector fields X A as follows. Consider the vector bundle T * O over O. Take the sub-vector bundle
where de A : O → T * O is looked at as a section of T * O. Because of proposition 2, the set of all the de A is a basis for the module of the sections of the vector bundle E. Then, we define the anchor map τ : E → T O as the linear (in the sense of modules) map such that:
Now, we define an antisymmetric product [, ] on the sections of E by setting:
on the basis elements (in the sense of modules) of the sections of E. denoting by f a smooth function on O, it is a matter of straightforward computation to show that [, ] satisfies the Jacobi identity and is such that:
which means that (E, [, ] , τ ) is a Lie-algebroid.
The q-bit I
To help the reader gain some intuition on the structures presented so far, we will consider the explicit example of a two-level quantum system, i.e., the q-bit. In this case, every Hermitean operator ξ on H may be written as:
where σ 0 = I is the identity operator, and σ = (σ 1 , σ 2 , σ 3 ) with σ j the j-th Pauli matrix. Clearly, the affine hyperplane T 1 (H) is identified by the constraint ξ 0 = 1, while it is wellknown that the space of quantum states S is identified by the constraints:
that is, S (H) is the so-called Bloch ball in T 1 (H). A basis in the Lie algebra su(H) of SU (H) is given by {τ j } j=1,2,3 with τ j = ı σ j . The structure constants are then given by:
where ǫ jkl = δ lr ǫ jk r is the Levi-Civita symbol. Accordingly, the coordinate system associated with {τ j } j=1,2,3 is given by:
while the Poisson tensor Λ reads:
and the fundamental vector fields read:
An explicit computation shows that:
that is, the fundamental vector fields of SU (H) are tangent to the spheres in T 1 (H) centered at I 2 . Furthermore, exploiting the fact that the action of SU(H) preserves the eigenvalues, it can be proved that these spheres are precisely the orbits of SU (H) in T 1 (H). Specifically, the manifolds of isospectral quantum states are the spheres with r ≤ 1, where the sphere with r = 1 being the space of pure quantum states for the q-bit.
Recalling what has been said at the end of section 2, we have an action of SL(H) on the space S of quantum states of the q-bit. This action does not preserve the spectrum of quantum states, but, it preserves the rank. The infinitesimal description of this action is given in terms of vector fields on T 1 (H). These vector fields are build with the help of the Poisson bivector field Λ introduced before, and with the help of the symmetric bivector field:
as from equation (36) . In particular, by means of Λ we obtain again the Hamiltonian vector fields:
generating the action of SU (H) on T 1 (H). While, by means of the symmetric tensor R, we obtain the gradient-like vector fields:
is an anti-realization of sl(2, C). It is immediate to check that, Y 1 , Y 2 , Y 3 do not preserve the radius function r 2 = δ jk x j x k unless we are on the submanifold of pure quantum states (r 2 = 1):
This means that the gradient-like vector fields are not tangent to the manifolds of isospectral quantum states, unless we consider pure quantum states.
Lie groups, Kähler actions, and complexification
Now, for a moment, we will switch our attention from the concrete case of isospectral orbits of SU (H) in T 1 (H) to the more general framework of a Kähler manifold (M, ω, g, J) on which there is a Lie group G acting in such a way as to preserve the Kähler structure of M . In this context, we will prove that there is a canonical anti-realization of the complexification g C of the Lie algebra g of G by means of vector fields on M . In particular, if M is compact, we obtain a left action of the complexification G C of G on M . We will specialize to the case where M ≡ O is an orbit of SU (H) on T 1 (H) (in particular, a manifold of isospectral quantum states) in the next subsection reobtaining the results presented in [21] as a particular case of a more general instance.
First of all, we recall the definition of the Nijenhuis tensor N T associated with a (1, 1) tensor field T on a manifold M (see definition 2.10, and equation 2.4.26 in [42] ):
where X, Y are arbitrary vector fields on M . A fundamental result in the theory of complex manifold is that the (1, 1) tensor field defining the complex structure of a complex manifold must have vanishing Nijenhuis tensor [44] . This means that, when M is a Kähler manifold, the complex structure J is such that N J = 0, which means:
where X, Y are arbitrary vector fields on M . In particular, denoting by X A the fundamental vector field of the Kählerian action of G on M associated with A ∈ g, we have L X A J = 0 because the action is Kählerian, and thus:
for every gradient vector field Y A = J(X A ) on S σ . Eventually, we can prove the following:
Proposition 3. Let G be a Lie group acting on the Kähler manifold (M, ω, g, J) by means of a left-action preserving the Kähler structure of M . Let A, B be generic elements in the Lie algebra g of G, then, the following commutation relations among the fundamental vector fields X A of the action of G on M and their associated gradient vector fields Y A = J(X A ) hold:
Proof. The first commutator follows directly from the fact that the vector fields X A , X B are the fundamental vector fields of a left action of G. Regarding the second commutator, we recall equation (81), so that:
as claimed. Finally, using equation (81) together with the fact that J • J = −Id because it is a complex structure, we obtain:
as claimed.
From the commutators just computed we obtain an anti-realization of the Lie algebra g C of the complexification G C of G, and this anti-realization "integrates" to an action of G C when every vector field X A + Y B with (A + ıB) ∈ g C is complete. In particular, this is always the case if M is a compact manifold. Note that the gradient vector fields Y A = J(X A ) need not preserve the symplectic structure because:
in general does not vanish. Now, let us come back to the case of finite-level quantum systems. According to what has been previously reviewed, we have that the orbits of the action of SU (H) on the space T 1 (H) of trace-one Hermitean operators are naturally compact Kähler manifolds on which SU (H) acts in such a way as to preserve the Kähler structure. Consequently, proposition 3 implies that the family of Hamiltonian and gradient vector fields associated with elements in the Lie algebra su(H) of the Lie group SU (H) provide an anti-realization of the Lie algebra sl(H) which is the complexification of the Lie algebra su(H). Furthermore, Hamiltonian and gradient vector fields are complete because the manifolds of isospectral quantum states are compact, and thus the anti-realization of sl(H) "integrates" to a left action of SL(H) on every orbit.
In particular, when we consider the orbit corresponding to pure states (rank-one projectors in T 1 (H)), we are able to explicitely write out this left action of SL(H), and the result is precisely the action of SL(H) given in equation (32) . Note that the same is not true for quantum states with rank greater than 1 because, in this case, the SL(H) action founded in this section preserves the spectrum, while the action given in equation (32) does not.
According to remark 5, the action of the complex structure J on a vector field X reads:
where X(ρ) = ı[a, ρ]. Consequently, the evaluation of the gradient vector field Y A = J(X A ) at the pure quantum state ρ may be written as:
where A = ıa. Now, let us consider the curve γ A ρ (t) starting at the pure quantum state ρ and given by:
Tr (e ta ρ e t a ) .
It is easy to see that γ A ρ (t) is always a pure quantum state, and that it satisfies the composition law:
Then, denoting by v ρ the tangent vector to γ A ρ (t) at ρ, a direct computation shows that:
where we used the fact that every pure quantum state ρ may be written as |ψρ ψρ| ψρ|ψρ for some nonzero |ψ ρ ∈ H. Putting together equation (89) and equation (90) we conclude that γ A ρ (t) is the integral curve of Y A starting at ρ. Note that this result can not be generalized to quantum states that are not pure because it is based on the equality:
which is true only for pure quantum states (rank-one projectors).
It would be useful to be able to describe the isospectral action of SL(H) by means of vector fields on the affine hyperplane T 1 (H) just as we did for the action of SL(H) preserving the rank. A similar expression would be particularly useful in concrete cases because on T 1 (H) we have global systems of Cartesian coordinates in which computations may be handled.
It turns out that it is "almost" possible to obtain the goal. The basic idea is to introduce a (1, 1) tensor field J on T 1 (H) which plays the role of the complex structure J on the isospectral orbits, and define the gradient vector fields by applying J to the Hamiltonian vector fields L A generating the action of SU (H) on T 1 (H). Clearly, J will not be a complex structure, and this has some consequences we must accept.
The (1, 1) tensor field J is defined by:
where N is the Riemannian metric on T 1 (H) which is associated with the symmetric part of the Hilbert inner product on B(H) (see equation (42)). In coordinates we have:
Since N and Λ are invariant with respect to the action of SU (H) on T 1 (H) generated by the
we have that J is invariant too, that is:
Furthermore, by direct inspection we find that the vector field:
where X f is the Hamiltonian vector field associated with the smooth function f on T 1 (H) by means of Λ, is always tangent to the isospectral orbits of SU(H) on T 1 (H). Indeed:
which means that every Y f is written in terms of the L j , and the L j 's are always tangent to the isospectral orbits. Now, we may introduce a contravarian tensor G on T 1 (H) by setting:
Clearly, G is invariant with respect to the action of SU (H) on T 1 (H), and it is clear that the "restriction" G ≡ G | O of G to any isospectral orbit O is invertible. Then, we may consider the inverse G −1 which is a Riemannian metric on O which is invariant with respect to the canonical action of SU (H) on O. The invariance of G −1 with respect to the action of SU(H) on the isospectral orbit O together with the fact that SU(H) is a simple Lie group force G −1 to be a constant multiple of the metric tensor g associated with the canonical Kähler structure on O. Clearly, the constant depends on the orbit O we are considering. Now, we may write Y f as the "gradient" vector field associated with f by means of G :
and thus we see that the restriction of Y f A ≡ Y A to O is a constant multiple of the gradient vector field Y A introduced before. As said before, the constant relating the restriction of Y A to Y A depends on the isospectral orbit O we are considering. Unfortunately, we can not find a smooth function F such that the restriction of F Y A to O is precisely Y A for every O unless we consider the q-bit case (in which case we must exclude the maximally mixed state from the game).
In the end, it is possible to describe the infinitesimal action of SL(H) on isospectral orbits by means of vector fields on the affine hyperplane T 1 (H) as long as we accept that the gradient part on T 1 (H) is only "conformally related" with the gradient part on the isospectral orbits, and the conformal factor depends on the isospectral orbit in a non-smooth manner.
Remark 8. It is well-known that the Hamiltonian vector fields L A give rise to linear transformations that preserve the spectrum, and thus the von Neumann entropy:
According to the results presented in this section, we see that the gradient vector fields Y A give rise to nonlinear transformations that preserve the spectrum of quantum states and thus preserve the von Neumann entropy, while the gradient-like vector fields Y A introduced in section 2 give rise to nonlinear transformations that do not preserve the spectrum of quantum states and thus do not preserve von Neumann's entropy.
The q-bit II
Let us now look again at what happens to the structures introduced in section 5 in the concrete case of a q-bit, that is, when H ∼ = C 2 . Referring to the notation of section 4 and writing
where r 2 = δ ls x l x s and ∆ = x k ∂ ∂x k is the dilation vector field, and thus:
Concerning the (1, 1) tensor field J of equation (??), we note that, in the case of the q-bit, all the isospectral orbits are diffeomorphic to 2-dimensional spheres, except the degenerate orbit passing through the maximally mixed state, that is, the point with (x 1 , x 2 , x 3 ) = (0, 0, 0). Consequently, removing the maximally mixed state ρ m from T 1 (H), the constant relating the restriction to the isospectral orbit O of Y j with the gradient vector field Y j on the isospectral orbit O is essentially given by the restriction of the radius function r 2 = δ jk x j x k to O. Now, we introduce the (1, 1) tensor field:
and note that it is invariant with respect to the action of the special unitary group generated by the Hamiltonian vector fields (L 1 , L 2 , L 3 ), and that:
By means of this last property, we may look at J as a generalization of a complex structure to an odd-dimensional manifold. Indeed, every complex structure J is such that J 2 = −Id and thus it is such that J 3 = −J, however, this latter conditions may be implemented in the case of odd-dimensional manifolds while J 2 = −Id require the manifold to be even-dimensional. Now, we may build the pseudo-gradient vector fields on (T 1 (H) − {ρ m }):
It is a matter of direct computation to show that the Y j r 2 = 0 for all j = 1, 2, 3, that is, Y j is tangent to every isospectral orbit, and that (
Having J, we may compose it with Λ in order to obtain the symmetric bivector field:
Clearly, it is Y j = G(dx j ) by construction, and G resembles the (contravariant form of the negative of the) Killing form for SU (H) divided by the Casimir function 2r. What is interesting is that we may start with the symmetric bivector R and compose it with J to obtain:
This means that the Hamiltonian vector fields L A may be written as 4r J( Y A ), where Y A are the gradient-like vector fields. Consequently, we see that the different ways in which SL(H) acts on S come from the interplay between the Poisson bivector field Λ and the (1, 1)-tensor field J. We obtain the action of SL(H) on the manifolds of isospectral quantum states using the Hamiltonian vector fields L A , with A ∈ su(H), and the pseudo-gradient vector fields Y A := J(L A ), while, the action of SL(H) on the manifolds of quantum states with fixed rank is generated by the Hamiltonian vector fields L A , with A ∈ su(H), and the gradient-like vector fields Y A defined requiring that L A = 4r J( Y A ). The fact that Λ and J are not invertible is responsible for the fact that the pseudo-gradient vector fields are different from the gradient-like vector fields, and thus, for the fact that SL(H) acts on the space S of quantum states in two different ways.
Remark 9. The possibility of describing the isospectral action of SL(H) in terms of the the Hamiltonian vector fields L A and their images through a (1, 1) tensor field J such that J 3 = −J on (some open submanifold of ) T 1 (H) in higher dimensional cases requires a deeper analysis, and will be dealt with in future works.
Composite systems
Composite quantum systems and quantum entanglement manipulation are of fundamental importance in the context of quantum information theory and the geometry of quantum entanglement is a fascinating and very complex subject [3, 6, 11, 29, 30, 32, 33, 34, 37, 46, 47, 48, 49, 50, 51, 55] . Here we want to present some possible connections between the geometry of quantum entanglement and the geometrical tools introduced in the previous sections.
At this purpose, let us start considering a bipartite quantum systems made of two q-bits. In this case, it has been recently proposed to introduce a local action of the Lorentz group in order to detect quantum entanglement of non normalized quantum states, that is, positive semi-definite linear operators on the Hilbert space of two q-bits [37, 46] . Specifically, consider a positive semi-definite operator P of a two-level quantum system as an element (x 0 , x 1 , x 2 , x 3 ) in the Minkowski spacetime M according to the identification:
Then, the positivity condition on P may be rephrased in a relativistic language as g µν x µ x ν ≥ 0. Projectors (pure non-normalized states) are identified with light-like vectors, while nonnormalized mixed states are identified with time-like vectors. Clearly, the causal-like vector (x 0 , x 1 , x 2 , x 3 ) is future-pointing because x 0 = Tr(P) is positive. In this setting, it is immediate to realize that the canonical action x → L(x) of the (proper orthocronus) Lorentz group on M preserves the positive character of P. When two q-bits are considered, we obtain two local actions of the (proper orthocronus) Lorentz group on each of the two subsystems, and it is clear that these actions preserve separability (entanglement). This observation allows the authors to use the mathematical tools of relativity theory (e.g., the Dominant Energy Condition and the Strong Energy Condition) in order to provide a necessary and sufficient separability test for a positive semi-definite operator P, as well as an algorithm for constructing the separable form of a given separable positive semi-definite operator. It is clear that the results of [46] depend on the fact that the Lorentz group "naturally acts on (tensor products of) q-bits", while this is no longer true for a generic n-level quantum sytem. Indeed, at the end of the papers, the authors explicitely states that in order to generalize their results to the higher dimensional case it is necessary to find the correct (maximal) group of separability-preserving transformation.
We feel that the geometric setting discussed in the present work could point towards the definition of such group. Indeed, the canonical realization of the (proper orthocronus) Lorentz group on M may be represented in the space of positive semi-definite operators on the Hilbert space of a q-bit by means of the action of the special linear group SL(H) = SL(2, C):
Then, the transition from the (proper orthocronus) Lorentz group to the special linear group SL(H) = SL(2, C) allows us to immediately realize that the generalization to the higher dimensional case requires the special linear group SL(H). A similar solution is proposed in [37] , where, however, the normalization condition Tr(ρ) = 1 for a quantum state ρ is relaxed in order to define an action of SL(H). According to what has been said in the present work, we are now able to take into account the normalization condition Tr(ρ) = 1 of quantum states defining an action of SL(H) directly on the space S of quantum states preserving this constraint.
Let us now review some general aspects of the interplay between entanglement features and the geometry of quantum states. Consider a composite quantum system living in H = H A ⊗H B . Fixing an orthonormal basis {e 1 , . . . , e n A } in H A , and {f 1 , . . . , f n B } in H B , any vector ψ ∈ H may be represented as follows
Equivalently, one has
where the linear operatorψ : H A → H B is defined viâ
Note that ψ is normalized iff Tr(ψ †ψ ) = 1. One calls the rank ofψ a Schmidt rank of ψ: SR(ψ) := rank(ψ). Clearly, ψ is separable iff SR(ψ) = 1. This definition may be generalized to density operators representing quantum states as follows: any density operator can be represented as a convex combination of rank-1 projectors (not necessarily mutually orthogonal)
where p i is a probability distribution, and P i is a rank-1 projector corresponding to a vector ψ i ∈ H. Now, one defines a Schmidt number of ρ as follows [47, 50] :
Again, ρ is separable iff SN(ρ) = 1. In this case one can always find the following well known representation
where ρ j A and ρ j B are density operators on H A and H B , respectively, and π j is a probability distribution. It should be stressed that the Schmidt number defined in (114) is hardly computable and the problem to decide whether given ρ represents a separable state is NP-hard. Writing:
one has the following chain of inclusions
where n = min{n A , n B }.
The notion of a Schmidt number is not compatible with the global action of SU(H) and SL(H), that is, in general SN(U ρU † ) = SN(ρ), and SN(gρg † /Tr(gρg † )) = SN(ρ) for U ∈ SU (H) and g ∈ SL(H). However, for the local actions SU(H A ) ⊗ SU (H B ) and SL(H A ) ⊗ SL(H B ) one has:
and
= SN(ρ). 
with H α = ih α (α = A, B). The integral curves of X H A ⊗H B and Y H A ⊗H B consist of isospectral states with the same Schmidt number. It would be interesting to find spectral conditions which guarantee that all isospectral states belong to certain P k (H) with k < n. For instance, it could be useful to consider the local version of the isospectral action of SL(H) on the manifolds of isospectral quantum states defined in section 5 in order to analyze entanglement-invariant geometrical quantities connected with the symmetries and the constants of the motion of the Hamiltonian and gradient vector fields generating the local action. We will pursue this "mechanical point of view" on quantum entanglement in a future work.
Concerning the local action of SL(H A ) ⊗ SL(H B ) that preserves the rank (see equation (32)), we already saw that it preserves the separability (or entanglement) of quantum states. Then, if ρ AB = ρ A ⊗ ρ B denotes a product state in S k (H) and g A ⊗ g B is an element in SL(H A ) ⊗ SL(H B ), we have that the action of g A ⊗ g B on ρ AB given by equation (32) reads:
which is again a product state in S k (H). In particular, we may introduce the (A, B)-rank for a product state ρ AB = ρ A ⊗ ρ B as the couple of integer numbers (rk(ρ A ), rk(ρ B )) with rk(ρ A ) and rk(ρ B ) being the rank of ρ A and ρ B as linear operators on H A and H B respectively. Note that two product states with the same (A, B)-rank must necessarily have the same rank as linear operators on H, while product states with the same rank may have different (A, B)-rank. A moment of reflection allows to conclude that the local action of SL(H A ) ⊗ SL(H B ) given by equation (121) is transitive on every subset of product states with fixed (A, B)-rank, and this means that product states with fixed (A, B)-rank can be given the structure of homogeneous spaces for SL(H A ) × SL(H B ). It is then easy to generalize these results to the case of a multipartite quantum system of distinguishable components. We can take one step further, and consider all those separable states ρ K for which we can find a minimal decomposition in terms of K product states:
Minimality here refers to the fact that it is not possible to write ρ K as a convex combination of R product states with R < K. We call these states K-decomposable. In this setting, product states are a particular case, namely, they are 1-decomposable quantum states. It is clear that the local action of SL(H A ) ⊗ SL(H B ) can not increase K-decomposability, indeed:
.
On the other hand, suppose that the local action of SL(H A )⊗SL(H B ) decreases K-decomposability, that is, it changes K to be R < K, and write:
Then, if we apply the local action of (g A ⊗ g B ) −1 on ρ
, it is clear that we get back ρ K , and thus R changes in K > R, but this is not possible, and we conclude that the local action of SL(H A ) × SL(H B ) preserves K-decomposability. Unfortunately, the local action of SL(H A )×SL(H B ) is not transitive on the sets of K-decomposable quantum states unless K = 1.
It is important to note that there exist orbits of the action of SU (H) consisting of separable states only. It was proved in [32, 55] that if ρ satisfies
where N = n A n B , then all isospectral states are separable. Recall, that the purity is lower bounded by 1/N which shows that ρ satisfying (125) has very low purity.
Remark 10. For two qubit case n A = n B = 2 it was proved in [51] that if λ 1 ≥ λ 2 ≥ λ 3 ≥ λ 4 are eigenvalues of ρ satisfying
then all isospectral states are separable. Other examples of such conditions were found in [28] , specifically, for two qubits we have that if
then all isospectral states are separable. Moreover, if λ 1 ≥ . . . ≥ λ N together with
the again all isospectral states are separable.
From the point of view of the affine hyperplane T 1 (H), we have that ρ is separable whenever it lies inside the sphere S R centered at the maximally mixed state ρ m = I N with radius R = 1 N (N −1) . In particular, according to remark 1, we conclude that all the separable states inside the sphere S R must have maximal rank.
Conclusions
The subject of this paper is the study of the geometrical structures adapted to the space S of quantum states of a finite-dimensional quantum system. The space S is a convex body in the affine hyperplane T 1 (H) of Hermitean operators on the Hilbert space H of the system having trace equal to 1. In particular, there is no global differential structure on S , and we have to exploit the differential structure of the ambient space T 1 (H) in order to describe geometrical objects related to S .
In section 2 we analyze two different partitions of S by means of group actions. On the one hand, it is well known that the special unitary group SU (H) acts on S partitioning it into the disjoint union of manifolds of isospectral quantum states, and these manifolds are compact smooth embedded submanifolds of T 1 (H). On the other hand, there is the action of another Lie group, namely, the special linear group SL(H) (the complexification of SU (H)), which gives a coarser partition of S into the disjoint union of manifolds of quantum states with the same rank. The group actions giving rise to these two stratifications may be described, infinitesimally, by means of Hamiltonian and gradient-like vector fields. Regarding the action of the special unitary group SU (H), there is a canonical Poisson bivector Λ on T 1 (H) coming from the Lie algebra structure of su(H). Specifically, denoting by f A , f B the linear functions on T 1 (H) associated with A, B ∈ u(H), we have:
and the Hamiltonian vector fields associated with the linear functions on T 1 (H) are the fundamental vector fields of the action of SU (H). These vector fields are denoted by L A , with A ∈ su(H). From the point of view of the theory of Poisson manifolds, the submanifolds of isospectral quantum states are the symplectic leaves of the symplectic foliation associated with the Poisson bivector Λ [52] . In order to be able to describe the action of the special linear group SL(H) by means of vector fields on T 1 (H) we have to introduce a symmetric bivector field R. This bivector field is related to the Jordan algebra structure of u(H) coming from the anti-commutator product in B(H). Specifically, denoting by f A , f B the linear functions on T 1 (H) associated with A, B ∈ u(H), we have:
Since the differentials of the linear functions generate the cotangent space of T 1 (H) at each point, the definition of R is well-posed. With the help of the symmetric bivector we define the gradient-like vector fields Y A := R(df A ), and, according to the results in [16] , these vector fields together with the Hamiltonian ones L A close on a realization of sl(H) that integrates to the group action of SL(H) on S giving rise to the submanifolds of quantum states with fixed rank. Consequently, we see that, by means of the bivector fields Λ and R, the group actions determining the two stratifications of the space of quantum states S are related with the Lie-Jordan algebra structure of u(H), which, in turns, is directly related with the C * -algebra structure of B(H).
In section 3 we focus on the submanifolds of isospectral quantum states, and review the Kähler structure it is possible to define on them. This Kähler structure is invariant with respect to the action of SU (H), that is:
where ω, g, J are, respectively, the symplectic form, the metric tensor, and the complex structure generating the Kähler structure. The invariance property of the Kähler structure is the crucial ingredient we need to prove the main result given in section 5. Specifically, analogously with what is done for the gradient-like vector fields on T 1 (H), we define gradient vector fields Y f on every submanifold of isospectral quantum states by means of the inverse g −1 of the metric tensor g, namely, we set Y f := (g −1 )(df ). Because of the compatibility condition characterizing the Kähler structure, we have Y f = J(X f ), where X f is the Hamiltonian vector field associated with f by means of the symplectic structure ω. The gradient vector fields associated with the fundamental vector fields L A generating the action of SU (H) are denoted as Y A . Note that, unlike the gradient-like vector fields Y A , the gradient vector fields are tangent to the submanifolds of isospectral quantum states by construction. This means that the one-parameter group of diffeomorphisms they generate preserves the spectrum of quantum states even if it is not a unitary transformation. In particular, the flow of the gradient vector fields preserve the vonNeumann entropy. Once we have the Hamiltonian and gradient vector fields L A and Y A , we are able to prove that they close on a realization of the Lie algebra sl(H) on every submanifold of isospectral quantum states, and, since these manifolds are compact, the realization of sl(H) integrates to an action of SL(H). Clearly, this action is completely different from the action of SL(H) on S giving rise to the submanifolds of quantum states with fixed rank because both Hamiltonian and gradient vector fields are tangent to the submanifolds of isospectral quantum states. We actually extend this result to the more general case of a Kähler manifold M on which there is a Lie group G acting by means of isometries of the Kähler structure. In this case, we prove that there is always a realization of the complexification g C of the Lie algebra g of G in terms of Hamiltonian and gradient vector fields. Therefore, the case in which M is actually a manifold of isospectral quantum states is obtained as a particular case of a more general instance. Always in section 5, we give an "extrinsic" description of the gradient vector fields in terms of a (1, 1) tensor field J on T 1 (H) defined starting from the Poisson tensor Λ and the Euclidean metric tensor N . This extrinsic point of view allows to exploit the global differential geometry of the affine space T 1 (H) when performing explicit computations.
In section 6 we concretely analyze the case of a two-level quantum system. In this specific case, we are able to prove that it is possible to describe the isospectral action of SL(H) ≡ SL(2, C) in terms of Hamiltonian and the so-called pseudo-gradient vector fields on T 1 (H). These vector fields are defined applying a (1, 1) tensor field J to the Hamiltonian vector fields L A generating the action of SU (H). In order for the pseudo-gradient vector fields to have the correct properties for describing the isospectral action of SL(H), the (1, 1) tensor field J must be invariant with respect to the action of SU (H), and it must be such that J 3 = −J. This last property allows us to think of J as being a sort of generalization of a complex structure to the case of an odd-dimensional manifold. Indeed, every complex structure J is such that J 3 = −J, but the converse is not true. Exploiting J, we are able to build another symmetric bivector field G = J • Λ on T 1 (H). This bivector field plays a role analogous to that played by the metric tensors on the Kähler submanifolds of isospectral quantum states. Furthermore, we see that Λ = J • R, from which we conclude that the two symmetric bivector fields R and G, which are responsible for the definition of the gradient-like and pseudo-gradient vector fields associated with the two different actions of SL(H) on S , are generated by Λ and J alone. Indeed, the fact that both Λ and J are not invertible implies that the relation G = J • Λ can not be inverted in order to give the relation Λ = J • R which may be seen as defining R implicitely. In some sense, we may look at (Λ, J, G, R) as a sort of (contravariant) generalization of a Kähler manifold to a possibly odd-dimensional manifold. We plan to expand on this topic in a future work.
In section 7 we briefly comment on the possible application of the group actions associated with the geometrical structure of the space of quantum states S to the case of multipartite systems. In particular, we note that, for a bipartite quantum system modelled on H 1 ⊗ H 2 , the local action of SL(H 1 ) ⊗ SL(H 2 ) preserve the Schmidt rank of a quantum state ρ. This observation, although immediate, seems to be new in the literature and it opens up the possibility to analyze entanglement/separability properties of a multipartite quantum system from the point of view of a Lie group which is "bigger" than the local unitary group usually employed in the literature. Furthermore, the action of SL(H) generating the submanifolds of quantum states with fixed rank seems to offer a fruitful way of generalizing the Lorentz-group approach to the separability properties of a quantum system made of two q-bits exposed in [46] to higher dimensional quantum systems. We proceed in studying the separability properties of density states in relation to the action of SL(H) preserving the rank. In particular, for a bipartite quantum system distinguishable "particles" for which H = H A ⊗ H B , we introduce the notion of (A, B)-rank for product states and prove that product states with fixed (A, B)-rank are homogeneous spaces for the local action of SL(H A ) × SL(H B ). Specifically, the (A, B)-rank for a product state ρ AB = ρ A ⊗ ρ B is defined as the couple of integer numbers (rk(ρ A ), rk(ρ B )) with rk(ρ A ) and rk(ρ B ) being the rank of ρ A and ρ B as linear operators on H A and H B respectively. Note that two product states with the same (A, B)-rank must necessarily have the same rank as linear operators on H, while product states with the same rank may have different (A, B)-rank. Two special example of manifolds of product states with fixed (A, B)-rank are the manifolds of quantum states with (1, 1)-rank and the manifolds of quantum states with (n A , n B )-rank where n A = dim(H A ) and n B = dim(H B ). The former coincides with the manifold of separable pure quantum states, while the latter is the manifolds of invertible product states. The way in which these results are proved is such that they can immediately be extended to the case of a multipartite system of distinguishable "particles". Finally, the relation between the separability properties of isospectral quantum states and the isospectral action of SL(H) introduced in section 5 is yet to be studied, and we plan to take on this task in future works.
